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We study the transport properties in nodal line semimetals with short-ranged impurity potentials
at zero temperature. By computing the Drude conductivity and the corrections from the interference
of particle and hole trajectories, we find that the electrons are localized in directions both parallel
and perpendicular to the plane of nodal ring. We further calculate the conductivity in a weak
magnetic field, and find that the perpendicular magnetic field totally destroys the weak localization
gives a positive quantum interference correction, which is similar to the result in Weyl semimetals.
But for a parallel magnetic field, because of the pi Berry phase of the electron orbit around the
nodal line, the magnetoconductivity is negatively proportional to B. The difference between the
perpendicular and the parallel magnetic field may be verified by experiments. Nodal line semimetals
which break inversion and time-reversal symmetry and have spin-orbit coupling are also considered
and produce qualitatively the same results.
I. INTRODUCTION
Topological materials1–3 have attracted much interests
in both theoretical and experimental aspects in the past
decades, including both gapped topological phases and
gapless phases. The Weyl semimetal4–6 is an example
of gapless materials with surface Fermi arcs, which may
give rise to interesting magneto-response, such as the
quantum oscillation7–9 from the surface state or the
quantum Hall effect in 3D10,11. The idea of nodal line
semimetals12–17 is a generalization of Weyl semimetals.
In nodal line semimetals, the valence band and the
conduction band touch at a closed loop13,18,19 which
possesses some non-trivial topology. Like the other
symmetry protected topological phases20–24, the nodal
line is robust against perturbations which preserve the
symmetry25. The nodal line can either be gapped or
evolve into other nodal semimetals such as Dirac or
Weyl semimetals when the symmetry is broken14. There
are many theoretical proposals for the realization of
nodal line semimetals both with13,26 or without18,27,28
spin-orbit coupling. Many experiments have realized
the nodal line materials29–31, such as PtSn4, ZrSiSe and
ZrSiTe.
One interesting feature of the nodal line semimetal is
the non-trivial pi Berry phase, which can be extracted
from quantum oscillation. The signature of quantum
oscillation32 in nodal line semimetal has been studied
both theoretically33–36 and experimentally31. The
response to the magnetic field depends on the geometry
of the Fermi surface. For large chemical potential, the
Fermi surface is in the shape of drum, which gives a
topological trivial Berry phase. For small chemical
potential, the Fermi surface is a torus. In this case the
electrons will acquire a non-trivial Berry phase when
the extreme orbital encircling around the nodal ring,
which is related to the pseudospin texture37 and can be
extracted from the Landau-fan diagram38.
Besides, the non-trivial Berry phase also has im-
pact on magneto-transport properties. The experi-
ment in reference39 show that the magnetoresistivity
δρ = c1H + c2H
2. When H ‖ a, c2 = 0, which
means δρ is proportional to the strength of magnetic
field. Motivated by this observation, in this paper, we
study the electronic transport properties in nodal line
semimetals with short-ranged potential, including δ
function potential and the screened Coulomb potential.
We systematically calculate the Drude conductivity
and the quantum interference corrections. We find the
quantum interference correction in nodal line semimetal
is negative in both x and z direction, which is a signature
of weak localization. Under a weak magnetic field, the
quantum interferences follow different field dependence
for perpendicular magnetic field and parallel magnetic
field because of the pi Berry phase. For the case of
perpendicular magnetic field, the weak-localization
is destroyed, which give a δσqi(B) ∝ √B or ∝ B2
dependence in different limits. For a parallel magnetic
field, the field dependence is δσqi(B) ∝ −B.
The paper is organized as follows. In Sec. II, we intro-
duce the nodal line Hamiltonians we are going to study
in this paper and the scattering potential. In Sec. III,
we calculate the Drude conductivity, and quantum inter-
ference. In Sect. IV, we find the field dependence in the
presence of weak magnetic field. We end and give a con-
clusion in Sec. V. The detailed derivations are presented
in the Appendix.
II. THE NODAL LINE HAMILTONIAN
The nodal line Hamiltonian is given by26
H(kx, ky, kz) =
1
2
(
k2x
mx
+
k2y
my
− k
2
0
m0
)σx + vzkzσy, (1)
in which the σ’s are pseudospin operator acting on the
orbital space and vz is the dispersion in the kz direc-
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FIG. 1: Fermi surface (a) and the nodal line (b) of
Hamiltonian in Eq.(1).
tion. We have chose the parameters mx = my =
m0 = 1. This Hamiltonian preserves time-reversal
and inversion symmetry and it does not include spin-
orbit coupling. The spectrum is given by E± =
±
√(
1
2 (k
2
x + k
2
y − k20)
)2
+ v2zk
2
z . The conduction band
and valence band touch at a circle in momentum space,
which is given by k2x + k
2
y = k
2
0 and kz = 0, and
it is protected by the mirror symmetry, which acts on
the Bloch Hamiltonian H(k) = h(k) · σ as h(k) →
(−hx(kx, ky,−kz),−hy(kx, ky,−kz), hz(kx, ky,−kz)). So
there may be a nodal ring living on the mirror plane
kz = 0 with hx = hy = 0. The topology of the Fermi sur-
face will be different for increasing chemical potential. It
evolves to a drum with genus 0 from a torus with genus 1
which enclose a degenerate line. In the following, we will
focus on the case of small chemical potential 0 ≤ µ k20.
The eigenstate of the conduction band E+ is
|k〉 = 1√
2
(1, eiθ)T, (2)
where we have introduced θ, φ to parameterize k as
kx =
√
2E cos θ + k20 cosφ, ky =
√
2E cos θ + k20 sinφ
and kz =
E
vz
sin θ. Under inversion k → −k, θ and φ
transform as (θ, φ) → (−θ, φ + pi). From the eigenstate
given in Eq.(2), we find there will be a pi Berry phase
when the orbit encircles the nodal ring. The origin of
the pi Berry phase can also be understand as follows.
Expanding the Hamiltonian around the nodal ring
k2z + k
2
y = 0 and kz = 0, then we will arrive at a Dirac
Hamiltonian, and the orbit winding around the Dirac
point will acquire a pi Berry phase.
We assume the scattering potential is isotropic and
short-ranged. In the following calculation, first we ap-
proximate it as a δ function potential U(r) = u
∑
i δ(r−
Ri), where u is the strength of the scattering potential.
We assume the spatial correlation of the δ potential is
〈U(r)U(r′)〉 ∝ δ(r − r′). Then we will consider the case
of Yukawa potential, which is given by 14pir e
−λr.
We will compare the result of Hamiltonian (1) with the
case with spin-orbit coupling and with the case for break-
ing inversion and time-reversal symmetry. Under time re-
versal and inversion, the Bloch Hamiltonian transforms
as H(k) → H∗(−k), H(k) → σxH(−k)σx, respectively.
The Hamiltonian with spin-orbit coupling is give by14
H(kx, ky, kz) = kxτ0sx + kyτ2sy + kzτ0sz + ∆τxsx,(3)
which will give the same nodal line with Eq.(1). τ1 and
σi are Pauli matrices acting on two isospin spaces. The
nodal ring will shrink to a point from m > 0 to m = 0
and then it will increase from m = 0 to m < 0 but now
the nodal ring is give by the other two band.
The Hamiltonian without time reversal and inversion
symmetry is given by
H(kx, ky, kz)=
(
1
2
(k2x+k
2
y−k20)+λvkz
)
σx+vkzσy,(4)
where the term kzσx breaks time-reversal and inversion
symmetry.
III. CALCULATION OF THE DRUDE
CONDUCTIVITY AND THE QUANTUM
INTERFERENCE
A. Drude conductivity
The semiclassical Drude conductivity is given by the
formula,
σscii =
e2
2pi
∑
k
v˜iviG
R
kG
A
k , (5)
where vi is the bare velocity along i direction, which is
given by 〈k|∂H∂k |k〉, and v˜i is the velocity corrected by
the scattering potential, and G
R(A)
k is the retarded (ad-
vanced) Green function.
v˜ik v
i
k
(a)
v˜ik
= vik
+ v˜ik′
(b)
FIG. 2: Drude conductivity (a) and velocity (b).
In the Born approximation, the scattering rate τk is
give by
1
τk
= 2pi
∑
k′
〈|Uk′,k|2〉disδ(EF − k′) = piNFnu2, (6)
where 〈|Uk1,k2 |2〉dis = nu
2
2 (1 + cos(θ1 − θ2)) with Uk,k′ =〈k|U |k′〉 and n is the impurity density. We can get the
3Drude conductivity from Eq.(5),
σscxx = σ
sc
yy =
e2NF k
2
0τ
4
, σsczz = e
2NF v
2
zτ, (7)
from which we can define the diffusion coefficient D1 =
k20τ
4 and D2 = v
2
zτ .
B. Quantum interference
In the quantum diffusion regime, the particle and hole
trajectories will interfere with each other. The quan-
tum interference will contribute to the classical conduc-
tivity, which may lead to weak localization or weak anti-
localization, depending on the relative phase of the two
paths. The Feynman diagrams of the quantum interfer-
ence is given in Fig. 2.
Γ
Γ
FIG. 3: The quantum interference to the conductivity
type I (the upper diagram) and type II (the lower
diagram).
The quantum interference correction is σqi = σqi1 +
2σqi2 , where the factor 2 is because the number of the
type II diagram in Fig. 3 is 2. First, we can calculate the
scattering vertex, known as cooperon. In the static limit
and long-wavelength limit, The cooperon of the nodal
line semimetal is given by
Γq =
1
2piNF τ2
1
D1(q2x + q
2
y) + 2D2q
2
z
. (8)
The quantum interference correction to the semiclassical
conductivity is proportional to
∑
q Γq. We can get the
results
σqixx = σ
qi
yy = −
e2
2pi3
√
D1
2D2
(
1
lx
− 1
lφ
) ∝ k0
vz
,
σqizz = −
e2
2pi3
√
D2
2D1
(
1
lz
− 1
lφ
) ∝ vz
k0
. (9)
here lφ is the coherence length of electrons and we assume
lφ  li(i = x, y, z) and li is the size of the sample in direc-
tion i, so the quantum interference is negative, which is a
signature of weak localization of electrons.From Eq.(9),
we see that for a give vz and k0 there exits some critical
value of the system size at which the quantum interfer-
ence is isotropic.
IV. CONDUCTIVITY IN MAGNETIC FIELD
In the presence of magnetic field, the momentum op-
erator pˆ is replaced by pˆ − qA. Inserting it into the
cooperon and transforming the cooperon into real space,
we will find that Γ(r) decay exponentially, which means
the interference between particle and hole paths is de-
stroyed by the magnetic field. This argument is valid for
a perpendicular magnetic field, but it does not apply to
a parallel magnetic field because of the pi Berry phase
when the semiclassical orbital encircling the nodal ring.
In a magnetic field, the orbits are quantized as Landau
levels with the quantization condition32
q2x + q
2
y = (n+
1
2
− γ
2pi
)
1
l2B
, (10)
where γ is the Berry phase of the orbit and lB is the
magnetic length
√
~/4eDB. For perpendicular magnetic
field, there is no Berry phase, so q2x + q
2
y = (n + 1/2)
1
l2B
.
But for parallel magnetic field, there is a pi Berry phase,
so q2y + q
2
z = n
1
l2B
. Now the summation over q becomes
summation over the Landau index and an integration
about the direction of the magnetic field.
For perpendicular magnetic field, after scaling, the
summation over q is40,41
A1 =
∑
q
Γq ∝
∫
dqz
∑
n
1
(n+ 1/2) + l2Bq
2
z
=
∫ 1
lz
0
dqz
[
ψ
(
l2B
l2z
+ l2Bq
2
z +
1
2
)
− ψ
(
l2B
l2φ
+ l2Bq
2
z +
1
2
)]
.
(11)
From Eq.(11) we can know the magnetoconductivity
δσqi(B) = σ(B) − σ(B = 0) > 0, which means the
weak localization is destroyed by the magnetic field, as
expected before. In the limit of lφ  lB  lz, which can
be approached at low temperature as said in Ref. [41],
the magnetoconductivity δσqi(B) ∝ √B. And in the
limit of lB  lφ and lB  lz, it is proportional to B2.
We find in this case the results are similar to the results
for Weyl semimetals40.
For the parallel magnetic field, Eq.(11) becomes
A2 =
∑
q
Γq ∝
∫
dqx
∑
n
1
n+ l2Bq
2
x
=
∫ 1
lx
0
dqx
[
ψ
(
l2B
l2x
+ l2Bq
2
x
)
− ψ
(
l2B
l2φ
+ l2Bq
2
x
)]
,
(12)
from which we see that the magnetoconductivity δσqi(B)
is negative and is always proportional to B.
From the analysis above, we have seen the effect of
the Berry phase in nodal line semimetal, which leads to
4different magnetoconductivity and field dependence for
the field direction parallel and perpendicular to the nodal
ring plane.
V. CONDUCTIVITY WITH YUKAWA
POTENTIAL
We have calculated the transport properties with im-
purities of δ function potential before. Now we consider
another type of short-ranged potential called Yukawa po-
tential, which is given by
U(r) =
u
4piξ
∑
i
1
|r−Ri|e
−|r−Ri|/ξ, (13)
where ξ corresponds to the interaction range of the po-
tential. When ξ = 0, it goes back to the case of δ function
potential. The scattering vertex is
〈Uk1,k2Uk2,k1〉dis = 〈Uk1,k2U−k1,−k2〉dis
=
1
(1 + (~k1 − ~k2)2ξ2)2
nu2
2
(1 + cos(θ1 − θ2). (14)
We calculate the scattering rate 1/τ numerically for
ξ = 0.6 − 1.5 and the results are shown in Fig. 4,
from which we can find the scattering rate does not
depend on the momentum approximately. We have
1
τnu2 = 0.082 + (k-dependent corrections) for ξ = 1,
k20 = 1, EF = 0.1, and vz = 0.8 We find that there is
no qualitatively difference when we calculate the velocity
corrections and solve the vertex corrections numerically
compared with the case of δ function potential. The ver-
tex of this case is given by Γq =
1
D′1(q2x+q2y)+D
′
2q
2
z
.
VI. CONCLUSION AND DISCUSSION
In this paper we have studied the zero temperature
electronic transport property in nodal line semimetals
of small chemical potential with short ranged impurity
potential. By studying the Hamiltonian in Eq.(1), we
calculate the Drude conductivity analytically. Then
we consider the effect of quantum interference, which
we find to be negative in both x and z direction,
corresponding to the weak localization of electrons.
Under the weak magnetic field, the quantum inter-
ference corrections δσqixx and δσ
qi
zz behave differently,
corresponding to different behaviors of magnetoconduc-
tivity. For perpendicular magnetic field, the magnetic
field will destroy the weak localization. In the limit of
lφ  lB  lz, the magnetoconductivity δσqi(B) ∝
√
B.
And in the limit of lB  lφ and lB  lz, it is propor-
tional to B2. For parallel magnetic field, due to the
existence of the pi Berry phase, the magntoconductivity
is negatively proportional to B, which is consistent with
the experiment in Ref.[43]. When the magnetic field
parallels to the current, there is no Hall effect, so the
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FIG. 4: k-dependence (a) and angle-dependence of
scattering rate with Yukawa potential for ξ = 0.8− 1.2.
From (a) and (b) we can see the ~k-dependence is very
weak and the θ and φ-dependence are fitted as
0.165146− 0.00436682 cos θ.
resistivity matrix is diagonal. The result δσ ∝ −B
means δρ ∝ − δσσ2 ∝ B. When the magnetic field does
not parallel to the current,the perpendicular component
will induce a Hall resistivity σxy 6= 0. The resistivity is
ρxx =
σxx
σ2xx+σ
2
xy
, where σxy is the Hall conductivity which
is proportional to B. We can expand ρxx around B = 0,
which will give us δρxx = c1B + c2B
2.
In Ref42, the authors considered the transport prop-
erty in nodal line semimetal with charged impurities43,44,
which produce a long range scattering potential. They
only consider the scattering in a small kz tube, but
here we consider all possible scattering in the whole
momentum space. They did not give an analytical cal-
culation of the conductivity and here we give an explicit
calculation for δ potential and we give a numerical result
for the screened Coulomb potential.
After the completion of this work, we become aware of
the paper45, where the authors discussed two types of im-
purity potentials, and studied the weak localization and
antilocalization effect in detail. We get similar results of
σzz, and we also calculate the conductivity for parallel
5magnetic field and find that the magnetoconductivity is
proportional to −B, which is another feature of the pi
Berry phase and can be used to explain the experiment
in Ref. [39].
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Appendix A: The Drude conductivity and quantum
interference
In this appendix, we give some details about the cal-
culation. We should note that after the coordinate
transformation, the Jacobian is given by
∫
d3k
(2pi)3 →∫
dθ
2pi
dϕ
2pi dkN(k) with N(k) =
k
2piv . First we calculate
the velocity correction. From Fig. 2b, we have
v˜ik = v
i
k +
∑
k′
GRk′G
A
k′ v˜
i
k′〈Uk,k′Uk′,k〉dis, (A1)
and G
R(A)
k =
1
EF−Ek± i2τ
. We can calculate the velocity
v˜i by solving this equation, v˜x(x) = vx(y) and v˜z = 2vz.
Then we can calculate the Drude conductivity Eq.(5).
The vertex Γk1,k2 satisfies
Γk1,k2 = Γ
0
k1,k2 +
∑
k
Γ0k1,kGekGhq−kΓk,k2 , (A2)
which can be solved if we assume Γk1,k2 =
nu2
2 (a +
b cos(θ1 − θ2) + c sin(θ1 − θ2)). The result is given by
Eq.(8). Then we can calculate the quantum interference
correction to the conductivity.
σa1 =
e2
2pi
∑
q
Γk,q−k
∑
k
GRk v˜
i
kG
R
kG
R
q−kv˜q−kG
A
q−k,
σa2 =
e2
2pi
∑
q
Γk1,q−k
∑
k,k1
v˜ikv˜
i
q−k1
GRkG
R
k1G
R
q−kG
R
q−k1G
A
kG
A
q−k1〈Uk,k1Uq−k,q−k1〉dis,(A3)
which can be calculated in the limit ω = 0, q → 0.
Appendix B: Magnetoconductivity
In the magnetic field the energy levels is quantized as
Landau levels (Eq.(10)). We can use EulerMaclaurin for-
mula to calculate the summation over Landau index. For
perpendicular magnetic field∑
n
1
(n+ 1/2) + l2Bq
2
z
= ln
l2B/l
2
z + 1/2 + l
2
Bq
2
z
l2B/l
2
φ + 1/2 + l
2
Bq
2
z
+
1
2
(
1
l2B/l
2
z + 1/2 + l
2
Bq
2
z
+
1
l2B/l
2
φ + 1/2 + l
2
Bq
2
z
)
.(B1)
Then we can calculate the integral over qz. In the limit
of lφ  lB  li, the magnetoconductivity δσqizz ∝
√
B.
For parallel magnetic field
∑
n
1
n+l2Bq
2
z
=ln
1/l2z+q
2
z
1/l2φ+q
2
z
+
1
2l2B
(
1
1/l2z+q
2
z
+
1
1/l2φ+q
2
z
)
,(B2)
which is linear as a function of B.
Appendix C: The cases without time-reversal and
inversion symmetry and with spin orbital coupling
In sec. II, we have discussed that the Hamiltonian
given in Eq.(3) breaks time-reversal and inversion sym-
metry. We can do the same calculation as in Appendix
A and B. We find the velocity correction is given by
v˜x(y) = vx(y) v˜z = 2vz, (C1)
but here vz = v(λ cos θ+sin θ), so all the calculation and
the results are almost identical except for the difference
in vz.
Considering spin-orbit coupling in Eq.(4), we can do
the same calculation. In the limit ∆ EF , we have
v˜x(y) =
4
3
vx(y) v˜z = 2v2. (C2)
In this case the average
〈Uk1,k2Uk2,k1〉dis = 〈Uk1,k2U−k1,−k2〉dis
= nu2 cos2
θ1 − θ2
2
cos2
φ1 − φ2
2
. (C3)
Repeat the calculation in Appendix A and B, we will
get the Drude conductivity and the quantum interference
vertex
σscxx = σ
sc
yy =
e2NF τ
3
, σsczz = e
2NF τ. (C4)
Γq =
1
1
4 (q
2
x + q
2
y)τ
2 + 12q
2
zτ
2
(C5)
The results here are qualitatively the same as the results
in the main text.
For the Yukawa potential case Γ0k1,k2 =
1
2 (1 + (cos θ1−
θ2))
1
(1+(~k1−~k2)2ξ2)2 , from which we can calculate D
′
1 and
D′2 by expanding in Γ0 in terms of ~k and keeping the
constant terms only.
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